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ABSTRACT

It is shown that if Ais a weakly infinite-dimensional subset of a metric space R
then a G set B of Rexists such that 4 < Band B is weakly infinite-dimensional.
A similar result holds for a set having strong transfinite inductive dimension.
As a consequence each weakly infinite-dimensional metric space possesses a
weakly infinite-dimensional complete metric extension. A similar result holds
also for a space having strong transfinite inductive dimension,

1. In this paper all spaces are metrizable. The dimension function used is
covering dimension dim.

A space R is called weakly infinite-dimensional (see [4], [5]) hereafter
abbreviated w.i.d., if for every countable family of pairs (F;, G;)i=1,2,- of
closed disjoint sets of R, there exist open sets U;, F; < U; = R — G;, such that
N¥_, Bd U; = ¢ for some number k.

A space R has strong transfinite dimension —1,Ind R= —1if R = ¢. Let a be
an ordinal number. If for every pair of closed disjoint sets F, G of R an open set U
exists such that F < U £ R — G with Ind Bd U <« we say that R has strong
transfinite inductive dimension <a, Ind R<a. Ind R=0o if Ind R< o, and
Ind R < f is not satisfied for any 8 < a.

A complete extension of R is a pair (h, R*), where R* is a complete space, and h
a homeomorphism from R into R* such that i(R) = R*.

A theorem of Tumarkin ([2], p. 32) states that each finite-dimensional set of R
is contained in a G; set of R with the same dimension.

In this paper it is shown that an analogue of this theorem holds for w.i.d.
sets (Theorem 2). It is also shown that if A is a subset of R having strong transfinite
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inductive dimension then a G; set B of R exists, containing A, such that B has
strong transfinite inductive dimension as well (Theorem 4), where a simple
connection exists between Ind 4 and Ind B (Corollary 1). As a consequence we
get that every w.i.d. space has a w.i.d. complete extension. A similar result holds
for a space having strong transfinite inductive dimension. It should be noted that
in [4] it is shown that a w.i.d. separable space always has a w.i.d compact
extension.

2. In the following let 4 be a subset of a metric space R, satisfying
A=1J,%¢ P, Denote by (I), (II), (TI) the following properties of the subsets P, :
(I) P,are openin 4 and dim P, <n,n=0,1,2,---.
In p,cpP,, ,forn=0,1,2,--- .
Im p,=v {ul uisopenin A withdimu <n},n=0,1,2,--.
Note that (III) implies (I) and (I1).
LEMMA 1. Let A= Uy_,P, be a subset of R satisfying (I). Then there

exists a Gy set B in R which contains A, such that B= U~ Q,, where Q, are
open in B, 0, NA =P, and dimQ, =dimP,.

ProOF. Given in [3] corollary 2.

LeMMA 2. Let A= \U,_,P, be a subset of R, where P, satisfy (I) and (II).
Then the G; set B= U0, of Lemma 1 can be chosen so that Q, < Q,., for
n=0,1,2,---.

Proor. By Lemma 1 a G, set B exists, containing 4, such that B= U,.,
0., 0, open in B, ,NA=P, and dim §,=dim P,. Let Q,=Ur_,0, for
n=0,1,2,---. It follows that B=U®_,Q, where Q,, are open in B,dim Q,=dim 0,
=dim P,, Q,NA=Ul_o(0;NA)=V]-, P,=P, andt Q,=Q,,, for
n=0,1,2--.

LEMMA 3. Let A= U,>, P, be a subset of R where P, satisfy (IIl). Then a
G; set B = U_,Q, exists such that (i) B contains A (ii) Q, are open in B, with
dim Q,<nand Q,< Q,;, for n=0,1,2,---, (iii) If pe B — Q, then each open
neighborhood u; of p satisfies dim (u; NAYzn+1.

Proor. The subsets P, are open in A and satisfy (I) and (II). By Lemma 2 a
Gs set B* = U™, QF containing A exists such that Q7 are open in B* and
0.0, forn=0,1,2,--.

Also:
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® <+ 0*NA=P, and dim Q, = dim P,.
Define:

(2) Mj=(Q:'+1_Q;)_(Pj+1_Pj)I$
By (1):

©) M;NAS(Q11 — Q) NA—(Pjuy—P) A=

Since each Q; is open in B*, M is an F, in B* ([1] p. 26).

Hence M = U2, M; is an F, setin B* and M N4 = . Now let B=B*—M,
Q,=0, — M. One easily gets that B is a G, set in R and 4 B. Also
B= VU’ ,0,, where Q, are open in B, Q, " A = P, and dim Q, = dim P,. From
Q. <0, itis clear that 0, = 0, , so (i), (ii) follow. By Q;, S Q,., (1) and (2)
we get for n # j:

) Qs — O OM,; S (Qrsy — Q) N (Q5ey — 0) =D
From the definition of M and by (2) (3) and (4):
Qi1 =00 = (Qor1 =00 = O M;=(Qpi1 — 00— M,
(5)
= (Qre1 = 0N O(Pysy — P

By (5) it therefore follows that if peQ,,; — Q, then each open neighborhood
u, of p satisfies:

(6) ”;m(Pnﬂ"Pn)?é@-

Suppose now that dim(u; N A)< n. From the definition of P, (see (III)) it is
clear that (u; N A) < P,, contradicting (6). Thus dim (u; NA)=n+ 1. Since
B= VU2, 0, where Q,< Q,, 1, it is clear that for pe B — Q,, and for each open
neighborhood u; of p, dim (u;m A)=n + 1, which proves (iii).

3. Following Sklyarenko [4], we introduce:

DErFINITION 1. [4]. A sequence of points {xi|i=1,2,m} in a space R is called
scattering if it has no accumulation point in R.

DErFINITION 2. [4]. A countable family of open sets {P,,I,,=0,1,m} in a space R
is called convergent, if for every scattering sequence in R {xi| i=1.2 ...} a number n,
exists, such that the set {x;[;=1,5...} — P,, is finite.

In [4] Sklyarenko proved the following:
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THEOREM 1. A space R is w.i.d. if and only if it possesses a convergent family
of open sets {P,,] #=0,1....} With dim P, < n, such that the subset K = R — U;"_ P,
is compact and w.i.d..

ReMARK 1. The subsets P, of Theorem 1 can be assumed to be P, =
v {ulu is open in R with dim u < n} ([2] p. 178).

We can now prove:

THEOREM 2. Let A be a w.i.d. subset of a metric space R. Then a G; set B
of R exists such that A< B, and B is w.i.d.

Proor. By Theorem 1 and Remark 1 the family of open subsets P, =
U {u ] u is open in A with dim u<n} converges in A so that K=4—U,_,P, is
compact and w.i.d. U;% P, is therefore contained in the open set R — K and
satisfies the assumptions of Lemma 3. Hence a subset B* exists such that: (i) B* is
a G; set of R — K, and thus a G; set of R, containing U,~, P,. (ii) B* = U%_,0Q,
where Q, is open in B with dim Q, =dimP,, Q, < Q, ., (iii) for each pe B* — Q,
and for each open neighborhood u} of p:

@) dim (uy NA)2n + 1.

Put B=KUB*=KU U,;,0Q,. It is clear that B contains 4, and that B is
a G; set of R (being the union of a compact set and a G set). It remains to prove
that B is w.i.d. By their definitions K and B* = U, 0, are disjoint and since K
iscompact B*is open in B. The subsets Q, are thus open in B and finite-dimensional.
It suffices to show that the family {Q, ] n=0.1,...} converges in B.

Suppose, to the contrary, that a scattering sequence {x,-] i=1,2 ..} exists in B
(hence in B*) such that {x,-] i=1,2,.--} — Q, is infinite for each n. A scattering
subsequence {x,,] n=0,1,2,---} can be selected satisfying: x,e B*—Q, for
n=0,1,2..-. By lemma 1 [4], a locally finite family of open (in B) neighborhoods
{Oxnl n=0,1,2,-} exists such that:

®) 0%, N0% =¢ for is].

Denoting D,= 0, N A we get by (7) and by the way the points x, were selected
that dim D, > n + 1. Since {0, |,=o,1,..} is locally finite in B, {D,|,=04,.} is
locally finite in 4. Since Dy < 07 N A it follows by (8) that D#ND#= ¢ for
i#j. The sets {D,f] n=0,1,---} form a locally finite family of closed pairwise
disjoint sets with dim ]_'): > n. By lemma 2 [4], D = U, =01—),',4 is not w.i.d. On the
other hand, the local finitness of {D,,] n=o0.1 ..} implies that
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— A4
b= Ubt'= U,
n=0 n=0
D is thus a closed subset of the w.i.d. set 4, and therefore w.i.d. as well, which is a
contradiction. Hence {Q,|,-0, ..} converges in B=K UU;%2,0, and by
Theorem 1, B is w.i.d.

THEOREM 3. Let R be a w.i.d. metric space, then R has a w.i.d. complete
metric extension.

Proor. Let (h, R*) denote a complete metric extension of R. By Theorem 2, R
is topologically contained in a w.i.d. G; set B of R*. Being a G; in the complete
space R*, B is homeomorphic to a complete space.

THEOREM 4. Suppose that A € R, and that A has strong transfinite inductive
dimension. Then a G; set B of R exists such that A < B, and B has strong
transfinite inductive dimension.

Proor. As shown by Smirnov [5] (see also [2] p. 177) 4 is w.i.d., and so by
Theorem 1 has a decomposition 4 = KU U, P,, where K is compact and
clearly has strong transfinite inductive dimension. By the proof of Theorem 2 a
w.id. G; set B of R exists such that A< B and B=K U U,,Q,. Another

theorem of Smirnov ([2] p. 182) then asserts that B itself has strong transfinite
dimension.

Using the mapping f(«) introduced by Smirnov ([2] p. 181) we get:

COROLLARY 1. Let A, B be asin Theorem 4 and let Ind K=1Ind (4— UJ_,P,)=q.
By Theorem 3 [5],Ind A < B(). The G, set B in Theorem 4 satisfies Ind B < f(«)
as well.

By Theorem 4 we also get:

THEOREM 5. Let R be a metric space having strong transfinite inductive
dimension. Then R has a complete metric extension having strong transfinite
inductive dimension.
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